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I. Stated loose ly ,  t he  minimum miss d i s t ance  problem i s  t h a t  of con t ro l l i ng  

t h e  motion of an ob jec t  ( i n t e rcep to r )  i n  such a way a s  t o  minimize i t s  d i s t ance  of 

c l o s e s t  approach ( m i s s  d i s t ance )  t o  another moving ob jec t  ( t a r g e t ) .  

mathematical formulation of t h i s  problem was presented for the  case i n  which the  

In [I], a 

in t e rcep to r  i s  descr ibed mathematically by a system of ord inary  d i f f e r e n t i a l  

equat ions involving a number of more or less  a r b i t r a r y  ( con t ro l )  func t ions  and 

t h e  t a r g e t  i s  described i n  mathematical gene ra l i t y  s u f f i c i e n t  t o  include most 

cases  of i n t e r e s t  i n  app l i ca t ions  of optimal cont ro l  theory.  

In  t h i s  paper w e  p resent  a de ta i led  ana lys i s  of t h e  minimum m i s s  d i s tance  

problem a s  formulated i n r l ] ,  our i n i t i a l  r e s u l t s  being concerned wi th  the 

dependence of m i s s  d i s t ance  upon the  i n i t i a l  data  and wi th  the topological  prop- 

ert ies of c e r t a i n  sets associated with m i s s  d i s tance .  Our main r e s u l t  (Theorem 4) 

i s  a s u b s t a n t i a l  gene ra l i za t ion  of Fi l ippov ' s  theorem [2] on ex i s t ence  of optimal 

c o n t r o l s  f o r  t he  time-optimal problem wi th  s t a t iona ry  (po in t )  t a r g e t .  

p l i c i t ,  we show t h a t  F i l i ppov ' s  condi t ions a re  s u f f i c i e n t  t o  ensure the  ex i s t ence  

To be ex- 

of a con t ro l  which not  only minimizes m i s s  d i s tance  but  does so i n  minimum t i m e .  

11. L e t  U denote a ( con t ro l )  set  of vector-valued func t ions  u having bounded, 

Lebesgue measurable components and which map the  set I 

euc l idean  m-space R , 

f o r  each  ( t , , xo ,u )E  I 

= {t f 0 t 5 T I  i n t o  

then 

T 
m 

L e t  f be a continuous map of I x Rn x Rm i n t o  Rn; T 
n 

x R x U, the loca l  ex is tence  of a so lu t ion  ( i n  the  sense T 

of Carathcodory) of t h e  d i f f e r e n t i a l  e q u a t i  
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i s  assured. 

value of a so lu t ion  by x u ( t ; t o 7 x o ) .  

E I x R x U ,  t he  so lu t ion  may be continued over t he  i n t e r v a l  

We assume t h a t  the so lu t ions  of (1) a r e  unique and we denote the 

We assume f u r t h e r  t h a t  f o r  each ( t o , x  , u )  
0 

n 
[ to ,T]  . T 

L e t  us denote by fR” ; d j  t he  space of a l l  nonvoid, compact subse ts  of Rn, 

m e t r i z e d  by the  Hausdorff d i s t ance ,  d .  A continuous map t - G ( t )  of I i n t o  
T 

n {fin ; d f  w i l l  be ca l l ed  a t a r g e t  [ 1 ,p .  2641  . For a po in t  x E R and a non- 

void compact subset  A C R n ,  the  d is tance  ;)(x,A) between x and A i s  def ined by 

n 
where 

map (x,A) - b ( x , A )  i s  continuous on Rn x {fin; d ) .  

11 11 denctes  the  norm i n  R . I n  1 1, Lemma 1 3 it i s  shown t h a t  t he  

In  t h i s  paper we s h a l l  assume a prescr ibed t a r g e t ;  we def ine  a m i s s  d i s t ance ,  - 
8 ( t , x , u ) ,  f o r  (1) by 

A s  shown i n  [ 11 , t he  s e t  

has a l e a s t  e l  emen t - t he  f i r s t  -- t i m e  of 
- I  

c l o s e s t  approach - w n i c i i  we de2nte hy 

t + < ( t , x , u ) .  W e  no te  t h a t  the domain of d e f i n i t i o n  of both 8 and t* i s  $ x Rn x U. 

The set of admissible cont ro ls  U( t ,x )  i s  defined by -- 

and the  kerne l ,  K ( t , x ) ,  of U( t , x )  i s  def ined by -- 
. 1 ~  . “  

. I  
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where 
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B, = { ( t , x )  6 IT x Rn I U(t ,x )  i s  nonvoid') . 

Assoc-ated with B, a r e  t he  following sets 

Evidently B, = u Bf , so t h a t  B, i s  nonvoid if and only if Bf i s  nonvoid f o r  

some (0,001. 
0< r  

n Lemma 1 .  For each T < 00 and each u E U ,  8 i s  continuous on IT x R . 
v - - 
Proof: S e t t i n g  - - 

the  following e s t ima te  i s  an elementary consequence of t h e  d e f i n i t i o n  of 8 : 

( 2 )  

AS a consequence of our  assumptions concerning ( i i  and of L 3 ,  r ~ i u .  & , 3 ,  p .  531 , 

it  fo l lows  t h a t  when to E (O,T] there e x i s t  oC1 > 0 ,  oC2 > 0 such t h a t  f o r  

1 t - to(< "1, 11 x - xoil < M I ,  v ( T , t , x )  i s  defined f o r  a l l  'Z E [to - o c 2 , T ]  . 

I f  to = 0 the  same a s s e r t i o n  i s  t r u e  wi th  Ito - M2,TJ replaced by IT. 

With t h i s  e s t a b l i s h e d ,  ( 2 )  may be replaced by 
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where the extremizations are on [to - M2, TI when to > 0 and on when t = 0 .  

In either case, the same theorem L 3 ,  loc. cit.] , together with the continuity of 

b , G, implies the equicontinuity at (to,xo) of the family (t,x)-q(7, t,x), 

Z e [to - oL2 T] (or 2 E This equicontinuity and the conti- 

IT 0 

if to = 0 ) .  

nuity of '? at to imply, by virtue of ( 3 ) ,  the continuity of 8 at (to,xo>. 
n 

Theorem 1. For every f , 0 -z fs-, B, is relatively open in IT X R . 

Proof: The assertion is trivial if By is empty. If B, is not empty then f o r  

(t,x> Bgo we define 

- - 

It is then a consequence of (41, the continuity of b and G and the continuity with 
respect to initial parameters of the solutions of (1) that for C > 0 there exists 

bc = OLCto,xO,u, E )  > 0 such that if (t-tol < d , 11 x-xoII 4 d then 

By taking E 

If (to,xo) E Bf , O K  '/e:, then since fo r  fixed u and all \t-t,[ 4 OC , 

P(to,xo,u), this shows that B, is relatively open in I+ x Rn. 

11 x-xo{i < d ,  u C?i U(to,x ) fl U(t,x), the continuity of 8 implies that,by 
0 

taking 1 t-toi , ]lx-xoii still smaller if necessary, (t,x> E B y .  Hence, BJ is 

relatively open in x R". 



Theorem 2. If BOo i s  nonvoid and i f  t h e r e  e x i s t s  C > 0 such t h a t  - 

f o r  each ( t , x )  E B, 

By i s  bounded. 

Proof: 

and a l l  u 6 U(t,x) then for any nonvoid B y  , 0 = f<-, 

From (1) and (*) t he re  i s  obtained by i n t e g r a t i o n  the  e s t ima te  - - 

f o r  ( to ,xo )  E B, , U G  U(to,xo>, s ince ( t , s ( t ;  to,%)) B, f o r  a l l  

t 

on the  same i n t e r n a l .  

~ t o , t * ( t o , x o , u ) )  and s ince  u € U(to,xo) implies  u c u ( t , s ( t ;  t , , ~ , ) )  

From the  d e f i n i t i o n  of 8 we f i n d  

f o r  some po in t  & 6 G(t*(to,xo,u)). It i s  easy t o  show by means of a proof s i m i l a r  

t o  t h a t  of [ 1, Lemma I] t h a t  t h e  func t ion  A r*r max 
X 6 A  

\I x 11 i s  continuous on 

a consequence of (6) t h a t  

and from t h i s  e s t i m a t e  and (5)  there  i s  obtained 

Since  ( to ,xo)  may be chosen a r b i t r a r i l y  i n  Bf , t h i s  completes the  proof .  

Theorem 3. Assume B, i s  nonvoid and l e t  $ be a mapping of IT x R n i n t o  fam; d ]  
- 
f o r  which the  following condi t ion i s  s a t i s f i e d :  

having Lebesgue measurable components i s  i n  U i f  and only  if u ( t >  E $ ( t , 5 ( t , t o , x o ) )  

a bounded func t ion  u on IT t o  R~ 
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f o r  t d %; 

Proof: 

t*(to,xoul> 

By the  Hausdorff maximality p r inc ip l e ,  t h e  p a r t i a l l y  ordered system {U< to ,xo> . 4 3  
conta ins  a maximal t o t a l l y  ordered subsystem which we denote by V. Defining 

then f o r  each ( t , x ) e  B, , K(t ,x> i s  nonvoid. 

L e t  us p a r t i a l l y  order  U(to,xo) by w r i t i n g  u , 4  u2 i f  and only  if - 
t* ( to ,xo ,u2)  and u , ( t >  = u,( t> almost everywhere on [to. t*( to ,xo,ul)>.  

6 = sup t*( to ,xo,u> 
V 

we see t h a t  t he re  ex is t s  a nondecreasing sequence {%$ , un E V, such t h a t  

n+oo 
equal when both u , d  u2 and u < u 

many d i s t i n c t  elements ( t h e  f i n i t e  case subsequently having an obvious t reatment) .  

Then the  sequence {u,) , considered a s  a subse t  of U(to,x >, converges i n  measure 

on E to ,  C ) ;  by v i r t u e  of 

sequence i s  i n  U .  

so t h a t  u E  U(to,xo) .  

for a l l  x E Rn. 

an a r b i t r a r y  con t ro l  w b  U ( 6 , x u ( 6 ;  t o ,xo>)  and def ine  a cont ro l  ;€ U(to,x 1 by 

l i m  t* ( to ,xo7un> = 6 . Defining two elements  ul ,u2 E { U ( t o , x o > , ~ )  t o  be 

hold,  we suppose {u  1 t o  possess i n f i n i t e l y  - 2 1  n 

0 

[4, Theorem 3 0 . 5 s .  p.1811 , t he  l i m i t ,  u ,  of t h i s  

I 
A s  a consequence of the  d e f i n i t i o n  of {un$ , t * ( to ,x  , u >  = 6 

0 

I f  6 = T, we have immediately u E K(to,x s ince  (T,x)$ Boo 

I f  6< T we reach the same conclusion, for  otherwise we may choose 

0 

0 

Now u may be used t o  extend V as a t o t a l l y  ordered subsystem, thereby contradLeting 

t he  maximality of V. 

111. W e  nov t u rn  o w  a t t en tcon  t o  the problem of ex is tence  of optimal con t ro l s  f o r  

the  minimum m i s s  d i s t ance  problem. Our r e s u l t s  a r e  contained i n  

'It i s  c l e a r  t h a t  the  d e f i n i t i o n  of u ( t >  on C O , t o >  and [ r , T ]  i s  not  c r i t i c a l .  



. 
a - 7 -  

Theorem 4. 

s a t i s f y i n g  the  condi t ion of Theorem 3 as w e l l  a s  t h e  fol lowing condi t ions:  (i) 

Assume BOO i s  nonempty and let  $be a mapping of IT X R" i n t o  f n m ; d )  
- 

$ 
i s  upper semi-continuous wi th  respec t  to  set inc lus ion ;  (ii) f o r  each ( t , x >  

the  set R( t ,x>  = f f ( t , x ,  V 1 I 
E IT x Rn and each y €  $( t , x )  

x Rn 

s ( t , x ) ]  i s  convex; (iii) f o r  each ( t , x )  

where C i s  a p o s i t i v e  cons tan t .  

u E U < t o , x  

Then f o r  each ( t o , x o ) E  B, t h e r e  exists a cont ro l  

0 which i s  optimal f o r  t h e  minimummiss d i s t ance  problem; i . e . ,  
0 

Moreover, i n  the set Uo(to,x ) of such optimal con t ro l s  t h e r e  i s  one, u o o ,  which 

i s  opt imal  for the  minimum m i s s  minimum t i m e  problem; i . e . ,  

0 

0 
t*( to , x o , u o o )  = min t*( tO,xo ,u  > .  

v" ( to 9 xo 1 

Proof:  

F i l i ppov  for t he  t i m e  optimal control  problem. 

Except f o r  d e t a i l s  which we examine, our  proof co inc ides  wi th  t h a t  of - 
For f ixed  ( t o , x  ) E B, , set 

0 

If U(t,,xo) i s  f i n i t e ,  the proof i s  t r i v i a l .  

S C  U(to,xo), f o r  which l i m  

conta ined  i n  the  proof of r2, Theorem 1 1  shows t h a t  t he  sequence f x n ]  , 

x n C t > s  x ( t , to ,x , ) ,  i s  uniformly bounded and equicontinuous on r t o , T ] .  

Otherwise the re  i s  a sequence { u  $ , n 
8 ( t o , x o , u n )  = h . The argument of F i l ippov 

n + a o  

un 
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There i s  thus  a surdequence  of {xn) which converges uniformly on t h i s  i n t e r v a l  

t o  an absolu te ly  continuous func t ion  whose value we denote by x ( t > .  

argument f 2 ,  l oc .  c i t . 1  then shows t h a t  t he re  i s  a func t ion  uo 6 U f o r  which x 

i s  a s o l u t i o n  of (1) with u replaced by u . 
proof of L e m a 1  we f i n d  

F i l i ppov ' s  

0 I n  a manner s i m i l a r  t o  t h a t  of t he  

From t h i s  e s t i m a t e ,  toge ther  with the  con t inu i ty  of , G and the  uniform conver- 

gence of a subsequence of €5') 

Hence u o E  U ( t o , + )  and t h e  proof of t he  f i r s t  a s s e r t i o n  i s  complete. 

t o  x ,  we conclude t h a t  ~ ( t o , x o 7 u o )  = . 

Now l e t  u s  s e t  

0 t* ( to ,xo ,u  1; 7 = V ( t 0 , x o )  inf 

c e r t a i n l y  7 h to and w e  wish t o  show f i r s t  of a l l  t h a t  7 > to. 

f i n i t e  t h i s  demonstration, a s  well as the  proof of the  second a s s e r t i o n  of t he  

theorem, i s  t r i v i a l .  

sequence { v n j  , v n € U  ( t o , x 0 ) ,  such t h a t  

C K ( t o 7 x o )  we see t h a t  i f  7 = to then every  neighborhood of ( t o , x o )  i n t e r s e c t s  

L ~ E  culup~aluerri 01 ijw . 
Since the  sequence {y,) , yn( t )  5 x 

continuous on C t o 7 T I  we may conclude as above t h a t  there  exists v o €  U f o r  which 

t h e  s o l u t i o n  of (l), with u replaced by vo, i s  t h e  uniform l i m i t  on [ t o , T 1  of a 

subsequence of { y n 3  . 

I f  U o ( t o , x o )  is  

Hence, assuming @(to,%) t o  be i n f i n i t e ,  t he re  i s  a 

0 
l i m  

n+oo  
t* ( to ,xo ,vn )  = 7 . Since Uo(to,x0) 

L L -  ____-I .- -. i n i s  contraGicts  ineorem i ,  so we conciude t h a t  7 3 to. 

( t ;  t o ,xo ) ,  i s  uniformly bounded and equi- 
vn 

By v i r tue  of ( 7 )  we see t h a t  vo e U o ( t o , % )  and thus  
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. On t h e  o ther  hand, denoting by y ( t )  t h e  value of t he  so lu t ion  t*( to ,xo ,v  0 1 9 -  
of (1) corresponding t o  vo and taking a subsequence of Cyn) 

by v i r t u e  of t h e  con t inu i ty  of the func t ions  involved t h a t  

i f  necessary,  we f ind  

Since 8 ( to ,xo ,v ,>  is  independent of n ,  ( 8 )  implies  t h a t  ~ L _ t * ( t o , x o , v  0 ) and 
I 

t h i s  t oge the r  wi th  the  above r e s u l t  y i e l d s  

t i o n  u = v t h e  proof of t h e  theorem i s  complete. 

= t*(to,xo,vo).  With the i d e n t i f i c a -  7 
00 0 

F i n a l l y  l e t  u s  consider the  set & defined by 

Evident ly  i f  4 i s  not  empty then Bo i s  no t  empty; conversely we have 

Coro l l a ry  1. Under the  condi t ions  of Theorem 4, i f  Bo is  not empty then,& i s  not  
- 
empty and the re fo re  ,& = 

Proof: A s  a consequence 

then t h e r e  i s  a sequence 

An argument l i k e  t h a t  of 

- 

Bb. 

of Theorem 4 and the  d e f i n i t i o n  of BY , i f  ( t o , x o )  E Bo 
f WnI , Wn E U o ( t o , x o ) ,  such t h a t  S ( to ,x0 ,wn)  < n -1 . 

Theorem 4 permits u s  t o  conclude t h a t  t he re  e x i s t s  E Uo 

( to ,x ,> such t h a t 8 ( t o , x o , u >  = 0. 

By v i r t u e  of Corol la ry  1 and Theorem 1, the  set 4 i s  a Bore1 set when the 

Hence, denoting b y p  Lebesgue measure 

Moreover, i f  t he  condi t ion  (iii) of Theorem 4 

cond i t ions  of Theorem 4 a r e  s a t i s f i e d .  

:, t 3 R 
1 1 1  L~ x K , m isfi-rceasurabie. 

i s  s t rengthened by rep lac ing  x*f  by I xof I , then i t  fol lows from Theorem 2 t h a t  

,&($I( 00 . W e  c l o s e  with t h e  following conjec ture :  

Theorem 4 ,  i f  b i s  nonempty then Jc(#) > 0. 

under the  condi t ions  of 
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